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We consider a hybrid quantum many-body system formed by a vibrational mode of a nanomem-
brane, which interacts optomechanically with light in a cavity, and an ultracold atom gas in the
optical lattice of the out-coupled light. The adiabatic elimination of the light field yields an effective
Hamiltonian which reveals a competition between the force localizing the atoms and the membrane
displacement. At a critical atom-membrane interaction, we find a nonequilibrium quantum phase
transition from a localized symmetric state of the atom cloud to a shifted symmetry-broken state,
the energy of the lowest collective excitation vanishes, and a strong atom-membrane entanglement
arises. The effect occurs when the atoms and the membrane are non-resonantly coupled.
Hybrid quantum systems combine complementary
fields of physics, such as solid-state physics, quantum
optics and atom physics, in one set-up. Recently, a hy-
brid atom-optomechanical system [1] has been realized
experimentally [2] in which a single mechanical mode of
a nanomembrane in an optical cavity is optically coupled
to a far distant cloud of cold 87Rb atoms residing in the
optical potential of the out-coupled standing wave of the
cavity light. When displaced, the membrane experiences
the radiation pressure force of the cavity light, and in
the bad-cavity limit, the field follows the membrane dis-
placement adiabatically. This modulates the light phase
which leads to a shaking of the atom gas in the lattice.
The nanomechanical motion of the membrane then cou-
ples non-resonantly to the collective motion of the atoms.
The aim is twofold [1–7]: The gas can cool the nanomem-
brane, and, emergent phenomena of the correlated quan-
tum many-body system are of interest [8–17].
State-of-the-art optomechanics [3–6] is nowadays able
to realize optical feedback cooling [18, 19] of the mechani-
cal oscillator to its quantum-mechanical ground state [20,
21]. Yet, the resolved sideband limit allows ground-state
cooling only if the oscillator frequency exceeds the photon
loss rate in the cavity [22–24]. Hence, cooling a macro-
scopic low-frequency nanomembrane close to its ground
state is so far not possible. One promising alternative
[1, 7] is to utilize an ultracold atom gas, which has been
demonstrated recently [2] by sympathetic cooling down
to 650 mK. Current investigations aim to a coherent state
transfer of robust quantum entanglement [15].
Apart from cooling the nanomembrane, an interest-
ing fundamental feature is the collective quantum-many
body behavior of the hybrid system. For instance, the
atom-atom interaction can in principle be coherently
modulated by the back-action of the cavity light on the
nanooscillator. By this, a long-range interaction emerges
which resembles that of a dipolar Bose-Einstein conden-
sate (BEC) [25]. In fact, a simpler hybrid quantum
many-body system has also been implemented in the
form of a BEC in an optical lattice inside a transversely
pumped optical cavity. A Dicke quantum phase transi-
tion between a normal phase and a self-organized super-
radiant phase occurs [26–30]. Moreover, optical bistabil-
ity [31, 32], a roton-type softening in the atomic disper-
sion relation [26, 33–35] and optomechanical Bloch os-
cillations [36] were uncovered. Similar effects occur also
for polarizable and thermal particles in a cavity at finite
temperature [37–39].
In this work, motivated by recent experiments [2, 10],
we study a hybrid atom-optomechanical setup in the
form of a “membrane-in-the-middle” cavity [1, 2, 8–
11], see Fig. 1. Importantly, the light-mediated cou-
pling between the atoms and the membrane is non-
resonant here. We include the full lattice potential and
also the atomic interaction in the gas on the mean-field
level. The numerical solution of the generalized Gross-
Pitaevskii equation confirms the validity of an analytic
approach based on a Gaussian condensate profile. Tun-
ing the atom-membrane coupling by changing the laser
intensity, a nonequilibrium quantum phase transition
(NQPT) occurs between a localized symmetric state and
a symmetry-broken quantum many-body state with a
shifted cloud-membrane configuration. It is fueled by the
competition of the lattice, trying to localize the atoms at
the minima, and the membrane displacement which tries
to shake the atoms. Near the quantum critical point,
the energy of the lowest collective excitation mode van-
ishes and the order parameter of the symmetry-broken
state becomes non-zero, leading to a substantial atom-
membrane entanglement. The mode-softening is accom-
panied by a roton-type bifurcation of the decay rate of the
collective eigenmodes. Indeed, an instability and collec-
tive self-oscillations of a coupled atom-membrane device
FIG. 1. Sketch of the hybrid system. A nanomechanical mem-
brane in an optical cavity is optically coupled to the vibra-
tional motion of a distant atom gas.
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2have been reported recently [10].
I. MODEL
We consider a single mechanical mode of a nanomem-
brane with frequency Ωm placed in a low-finesse optical
cavity. The outcoupled light forms an optical lattice in
which a BEC is placed. In a quasistatic picture, a finite
displacement of the membrane changes the position of
the lattice sites, leading to a linear displacement force on
the atoms which induces transitions to higher motional
bands. A back-action of the atomic motion on the mem-
brane is induced by a displacement of their center-of-mass
position, which, again, redistributes the photons in the
propagating beams. Consequently, the light field inside
the cavity changes, which alters the radiation pressure on
the membrane. To achieve a sizable atom-membrane cou-
pling, the typical energy scale of the BEC has to match
the membrane frequency. This can be controlled by the
light intensity which determines the lattice depth. The
set-up is sketched in Fig. 1 and modeled by a standard
Hamiltonian, which describes the atom-membrane cou-
pling directly [1] (see A). In the bad-cavity limit, strong
photon dissipation allows us to adiabatically eliminate
the light field in a Born-Markov approximation [1] which
yields the effective Hamiltonian
H =
∫
dzΨ†(z)
[
−ωR∂2z + V sin2(z) +
g
2
Ψ†(z)Ψ(z)
]
Ψ(z)
+ Ωma
†a− λ(a† + a)
∫
dzΨ†(z) sin(2z)Ψ(z) . (1)
Here, ωR = ω
2
L/2m is the recoil frequency of an atom
with massm, V the optical lattice depth, and ωL the laser
frequency. The last term describes the effective atom-
membrane coupling with strength λ. a(a†) and Ψ(Ψ†)
are the bosonic annihilation (creation) operators of the
membrane and bosons. Moreover, we have introduced
a local atom-atom interaction with strength g and ne-
glected long-range interaction, which is generated by the
photon field. This is justified when the laser frequency is
far detuned from the closest atomic transition.
In the condensate regime, a large fraction of the atoms
occupies the ground state. Here, we consider weakly
interacting atoms that are also weakly coupled to the
membrane. Thus, when g, λ  ωR,Ωm, the field op-
erator Ψ(z) can be approximated by a complex func-
tion ψ(z) according to Ψ(z) ' √Nψ(z), where N de-
notes the number of atoms. To describe the dynamics,
we use the mean-field Lagrangian density associated to
the Hamiltonian and given in Eq. (B1) with the com-
plex number 〈a〉/√N = α = α′ + iα′′ and the volume
V. We restrict the problem to a single lattice site, i.e.,∫
dz → ∫ pi/2−pi/2 dz and V = pi, and use periodic boundary
conditions. Then, we describe the dynamics analytically
with a Gaussian ansatz for the condensate wave function
and, in parallel, solve the generalized Gross-Pitaevskii
equation (GPE) without further approximation. The
Euler-Lagrange equations yield
i∂tψ=[V sin
2(z)− ωR∂2z + gN |ψ|2 − 2
√
Nλα′ sin(2z)]ψ,
i∂tα = (Ωm − iγ)α−
√
Nλ
∫
dz sin(2z)|ψ|2 , (2)
where we have introduced a phenomenological damping
of the mechanical mode with a rate γ. This is due to
finite losses caused by the clamping of the membrane as
well as the radiation pressure.
From Eq. (2), we see that the two potential contribu-
tions V sin2(z) and
√
Nλ(α+α∗) sin(2z) can dynamically
compete with each other, depending on the back-action
of the membrane on the atoms and, thus, on the col-
lective behavior of the atoms. This competition yields to
the formation of two different stable phases and a NQPT.
It is manifest in a change of the center-of-mass position
of the condensate, or the membrane displacement, equiv-
alently. Formal similarities to the NQPT in the Dicke-
Hubbard model [29, 30] exist. There, however, a self-
organized symmetry-broken checkerboard lattice occupa-
tion is formed above a critical transverse pump strength
which induces a coherent light scattering into the lon-
gitudinal cavity mode [26, 27]. In the present set-up,
the spatial periodicity of the optical lattice remains un-
changed, and symmetry breaking is manifest in a global
collective shift of the potential.
To describe a realistic physical set-up, we consider a
membrane with Ωm = 100ωR, which corresponds to a
frequency of several hundred kHz. Here, we describe the
condensate profile by a Gaussian [40]
ψ(z, t) =
[
1
piσ(t)2
]1/4
e
− [z−ζ(t)]
2
2σ(t)2 +iκ(t)z+iβ(t)z
2
, (3)
with a time-dependent width σ(t), centered at the po-
sition ζ(t), and the corresponding phases β(t) and κ(t).
For an accurate description, we consider V & 10ωR and
Ng  V . To find the equations of motion of these vari-
ational parameters, we determine the lowest cumulants
of the condensate probability distribution whose dynam-
ics is described by the generalized GPE (2). Thus, we
multiply Eq. (2) (i) by ψ∗(z, t)(z − ζ) and integrate over
z, and, likewise, (ii) by ψ∗(z, t)
[
(z − ζ)2 − σ22
]
and inte-
grate over z. This yields four linearly independent equa-
tions for the variational parameters, two of which are
ζ˙ = 2ωR(κ+ 2βζ) and σ˙ = 4ωRβσ. With these, we find
2Ω−1m [α¨
′ + 2γα˙′] = −∂α′E ,
(2ωR)
−1ζ¨ = −∂ζE , (4)
(4ωR)
−1σ¨ = −∂σE ,
where the potential energy E = − ∫ dzL|α˙=ψ˙=0 reads
E =
gN√
8piσ
−V
√
1− S2 + 4√Nλα′S
2 exp(σ2)
+
ωR
2σ2
+Ω˜mα
′2 (5)
3FIG. 2. (a) Normalized potential energy surface (S, λ) as a function of S and λ for V = 200ωR. The red line indicates the
minimum (S0, λ) = 0. (b) Positive value of S0 and (c) condensate width σ0 as a function of λ for different values V as indicated
in (c). The dashed curves show the GPE results for comparison. The inset in (b) shows the order parameter S0 as a function
of λ/λc for which all data points collapse to a single curve. For all panels, we have used g = 0, Ωm = 100ωR and γ = 20ωR.
with the effective frequency Ω˜m = Ωm + γ
2/Ωm. Impor-
tantly, we have defined the order parameter S = sin(2ζ)
of the NQPT, which describes the center-of-mass position
of the condensate.
II. QUANTUM PHASE TRANSITION IN THE
MEAN-FIELD REGIME
Due to the mechanical damping, the combined system
will eventually equilibrate. The steady state is character-
ized by those values α′0, σ0,S0 which minimize the poten-
tial energy functional E(α′, σ,S). Indeed, by setting all
time-derivatives in Eq. (4) to zero and using Eq. (5), we
find the relation
√
NλS0 = Ω˜mα′0eσ
2
0 , so that the equi-
librium width σ0 and order parameter S0 solve the cou-
pled equations (1−S20 )1/2[ωR + gNσ0/
√
8pi] = V σ40e
−σ20
and S0[Nλ2(1 − S20 )1/2 − Nλ2c,V eσ
2
0 ] = 0 with Nλ2c,V =
Ω˜mV/4.
For a qualitative understanding of the role of increasing
λ, we define the potential energy surface as a function of
a single variable, i.e., either σ or S (or α′). For instance,
E(σ) ≡ E(α′0(σ), σ,S0(σ)) exhibits only a single mini-
mum for σ > 0. Interestingly enough, as a function of the
control parameter λ, the energy E(S) has either one sta-
ble state or two minima. This is visualized by the normal-
ized potential energy surface (S, λ) = E(S)−E(S0)max{E(S)−E(S0)}
in Fig. 2(a). The red curve marks the configuration of
minimal energy (S0, λ) = 0. There exists a critical cou-
pling λc, such that for smaller values λ < λc, the energy
surface forms a single potential well, whereas for λ > λc,
it becomes a double well potential with a local maximum
at S = 0.
The order parameter as a function of the atom-
membrane coupling λ is shown in Fig. 2(b) for different
values of the lattice depth. The solid curves show the re-
sults of the analytical approach, whereas the dashed lines
refer to the numerical solution of the full GPE. For small
values λ, the condensate is symmetrically located around
the lattice minima ζ0 = jpi with j ∈ Z, so the order pa-
rameter vanishes, S0 = 0. Consequently, the membrane
displacement α′0 ∼ S0 vanishes. The NQPT then occurs
at a critical coupling λc, which follows from solving the
implicit equation
ωR +
gN√
8pi
√
2 ln
λc
λc,V
= 4V
(
λc,V
λc
ln
λc
λc,V
)2
. (6)
Above λc, the atoms start to move away from the
positions jpi to the displaced lattice minima. The
order parameter becomes finite: S0 = ±Θ(λ −
λc)
√
1− (λc,V /λ)4e2σ20 and can be scaled to a single
curve as shown in the inset of Fig. 2(b). The condensate
width σ0(λ) is shown in Fig. 2(c) and is independent of
λ below λc, whereas it decreases in good approximation
with ∼ 1/√λ above λc. In accordance with an expan-
sion of the energy surface with respect to the order pa-
rameter, all these observables show within our mean-field
treatment that the hybrid system undergoes a second or-
der NQPT. In contrast to the superradiant phase of the
Dicke phase transition, a global displacement of the lat-
tice minima and membrane is observed and the lattice
periodicity is not changed.
III. COLLECTIVE EXCITATION MODES
Solving the complete set of equations of motion (4)
is challenging, but their linearized forms give already
an insight into the collective excitation energies. We
consider small deviations from the stationary state
(α′0, σ0,S0(or ζ0)) in the form of α′(t) = α′0 + δα′(t),
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FIG. 3. (a) Atom-membrane entanglement by the logarith-
mic negativity of the ground state (γ = 0) between mem-
brane and either atom displacement (purple) or condensate
width (pink), (b) frequencies of collective excitations, and,
(c) decay rates of the collective eigenmodes (some curves are
scaled by the factors indicated). Curves in blue, green, and
red correspond to the membrane mode, the condensate width
mode, the atomic displacement excitation, correspondingly.
The dashed curves show the GPE results. The parameters
are V = 200ωR, Ωm = 100ωR, γ = 20ωR and g = 0.
σ(t) = σ0 + δσ(t) and ζ(t) = ζ0 + δζ(t) and linearize
the equations of motion in the deviations. We find
the Eqs. (C1). Interestingly, the oscillation frequencies
also indicate the NQPT. Below λc, the bare frequency
ωζ =
√
4ωRV e
−σ20/2 of the ζ-mode is independent of λ,
whereas, above λc, it grows linearly in λ according to
ωζ =
√
4ωRV e
−σ20λ/λc.
In addition, the eigenmodes can be determined (for de-
tails see C) from the differential equations in the vector-
matrix-form x˙ = Mx. The eigenvalues νk = iωk − γk
of M define the eigenfrequencies ωk and the decay
rates γk. Likewise, we estimate the eigenmodes via the
GPE by considering small deviations from the ground
state according to ψ(z, t) = eiµt[ψ0(z) + δψ(z, t)] and
α(t) = α0 + δα(t). Linearization with respect to the
deviations results in a differential equation of the form
w˙(z) = MGPw(z), where the eigenvalues of MGP pro-
vide the eigenfrequencies and the decay rates (see also
D).
The eigenfrequencies of the collective excitations with-
out interatomic collisions are shown in Fig. 3(b) and the
corresponding decay rates in Fig. 3(c) as a function of the
atom-membrane coupling strength (Figs. 6 (b) and (d)
show zooms to the critical region). The dashed lines show
the frequency (rate) calculated in the GPE approach,
whereas the solid lines refer to the analytical results.
Approaching the critical coupling, the lowest excitation
frequency (red, triangles) in Fig. 3(b) decreases with a
roton-type behavior according to ∼√1− λ2/λ2c . At the
same time, the corresponding decay rate increases up to a
maximum at λc. In a narrow range ∆λ ' 0.1ωR around
λc, a bifurcation of the decay rate can be observed,
whereas the lowest excitation frequency is constantly
zero. Such a behavior is well known from atomic ensem-
bles with long-range interactions [34, 35, 41, 42] which,
in the present case, are mediated by the membrane. In-
deed, adiabatically eliminating the membrane mode in-
troduces a long-range interaction potential that takes the
form G(z, z′) = G0 sin(2z) sin(2z′) with G0 = −2λ2/Ω˜m.
Moreover, the ground state (γ = 0) of the collective
modes is a three-mode squeezed state, see Eq. (C5). This
generates a strong atom-membrane entanglement close to
the critical point. This behavior is manifest in a rising
logarithmic negativity EN [43–45] at the critical point
which is shown in Fig. 3(a). For γ = 0, it diverges there
while it is expected to be finite for γ > 0 [43]. Finally, we
note that although all figures refer to the case g = 0, no
qualitative differences occur for weakly interacting atoms
(see F).
IV. EXPERIMENTAL REALIZATION
An experimental observation is possible in existing
set-ups, e.g., in Ref. [11]. Current optical lattices with
V ' 2000ωR readily achieve a resonant coupling E, i.e.,
ωζ ' Ωm, with
√
Nλ ' 3ωR. The fact that the ef-
fective atom-membrane coupling in our scheme does not
have to be resonant facilitates the realization. For in-
stance, by loading the atoms in a lattice with V = 30ωR,√
Nλc ' 30ωR can be reached by tuning the laser power
and cavity finesse [1]. Moreover, an independent tuning
of λ can be achieved by applying a second laser which is
slightly misaligned with the first one and which generates
an optical lattice of the same periodicity but shifted by
pi/2. The membrane eigenfrequency shown in Fig. 4(a)
can readily be measured spectroscopically with a relative
precision of much below 1%, so that the cusp at λc will
be clearly resolvable. In addition, the NQPT can also
be detected via the momentum distribution of the atoms
shown in Fig. 4(b), together with its width for varying
λ in Fig. 4(c). Below λc, the width is constant, while it
increases monotonically for λ > λc.
V. CONCLUSIONS
We have shown that a hybrid atom-optomechanical
system possesses a nonequilibrium quantum phase tran-
sition between phases of different collective behavior.
Based on a Gross-Pitaevskii like mean-field approach, the
steady state of an ultracold atomic condensate in an op-
tical lattice, whose motion is non-resonantly coupled to a
single mechanical vibrational mode of a spatially distant
membrane, has been analyzed. The coupling between
both parts occurs via the light field of a common laser.
Below the critical effective atom-membrane coupling λc,
the atoms in the combined atom-membrane ground state
are symmetrically distributed around their lattice min-
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FIG. 4. (a) Membrane excitation frequency, and, (b) mo-
mentum distribution |n(k)| of the atoms in a single well. (c)
Width of |n(k)| in dependence of λ. The dotted vertical line
indicates λc. The parameters are V = 200ωR, Ωm = 100ωR,
γ = 20ωR and g = 0.
ima. At the quantum critical point, a nonequilibrium
quantum phase transition to a symmetry-broken state oc-
curs in which the atomic center-of-mass and membrane
displacements are all either positive or negative. Near
the NQPT, the lowest excitation mode shows roton-type
characteristics in the excitation frequency, a mode soft-
ening and a bifurcation of the decay rate, accompanied
by a strong atom-membrane entanglement. A potential
application could be to measure the atom momentum
fluctuations non-destructively by measuring the fluctua-
tions of the membrane displacement.
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Appendix A: Effective Hamiltonian of the hybrid
system
We start from the Hamiltonian [1]
H = Hm +Ha +Hl +Hm-l +Ha-l . (A1)
The first three terms describe the free time evolution of
the single mechanical mode of the nanomembrane, the
atomic condensate and the light field, respectively. In ad-
dition, the coupling between the light field and the atoms
and between the light field and the membrane is denoted
by Ha-l and Hm-l, respectively. The single membrane
mode is modeled as a harmonic oscillator with frequency
Ωm with the Hamiltonian
Hm = Ωma
†a , (A2)
and the atomic condensate by the usual many-body
Hamiltonian in second quantization
Ha = −ωR
∫
dzΨ†(z)∂2zΨ(z) +
g
2
∫
dz |Ψ(z)|4 , (A3)
where ωR = ω
2
L/2m is the recoil frequency, ωL the laser
frequency and g the local interaction strength. The light
modes are included over a bandwidth 2θ around the laser
frequency by the Hamiltonian
Hl =
∫ ωL+θ
ωL−θ
dω∆ωb
†
ωbω , (A4)
with ∆ω = ω − ωL. The above defined operators fulfill
the usual bosonic commutation relations, i.e., [a, a†] = 1,
[bω, b
†
ν ] = δων and [Ψ(z),Ψ
†(z′)] = δ(z − z′).
By a linear replacement bω → bω + δ(ω− ωL)e−iωLtαL
with field strength αL, the external laser drive is included.
Then, linearizing around αL leads to the membrane-light
coupling
Hm-l = λm(a+ a
†)
∫
dω√
2pi
(bω + b
†
ω) , (A5)
with the coupling strength λm. On the other hand, the
laser field induces a Stark shift in the ground state of
the atoms. Consequently, the atom-light coupling is de-
scribed by the interaction Hamiltonian
Ha-l = V
∫
dzΨ†(z) sin2(z)Ψ(z) (A6)
+ λa
∫
dω√
2pi
(bω + b
†
ω)
∫
dzΨ†(z) sin(z) sin( ωωL z)Ψ(z) ,
with the optical lattice depth V and the atom-light cou-
pling strength λa. To obtain an effective Hamiltonian
for the atom-membrane coupling, the idea is the follow-
ing. First, we derive the Heisenberg equation for the field
quadrature xω = (bω + b
†
ω)/
√
2
x¨ω + ∆
2
ωxω = −
λm∆ω√
pi
(a+ a†)
− λa∆ω√
pi
∫
dzΨ†(z) sin(z) sin( ωωL z)Ψ(z) .
(A7)
Then, we insert the formal solution of (A7) in the equa-
tions of motion for a and Ψ(z). The emerging integrals
over the field modes ω are of the form∫
dω sin(∆ωωL τ) sin(
ω
ωL
z) −→
θ→∞
pi cos(z)[δ(τ−z)−δ(τ+z)] .
(A8)
6Finally, neglecting the advanced term and using the rela-
tion cos(z) sin(z) = sin(2z)/2, one may insert the result
in the equations of motion for a, Ψ and read off the effec-
tive Hamiltonian given in Eq. (1) of the main text with
the effective coupling λ = λaλm/2. It is important to
realize that the derivation exploits the assumption of a
strong photon loss in the cavity, see Ref. [1]. This corre-
sponds to a rapid approach of the light field to its steady
state and justifies a Markov approximation.
Appendix B: Lagrangian density
The Lagrangian density of the hybrid system can be
directly inferred from the effective Hamiltonian in Eq.
(1) in the main paper. It reads
L = 1V
[ i
2
(α˙α∗−αα˙∗)−Ωmα∗α
]
+
i
2
(ψ˙ψ∗−ψψ˙)−
[
ωR|∂zψ|2+V sin2(z)|ψ|2+ gN
2
|ψ|4−
√
λ(α+α∗) sin(2z)|ψ|2
]
, (B1)
with the complex number 〈a〉/√N = α = α′ + iα′′ and
the volume V.
Appendix C: Collective excitations and Covariance
To obtain physical insight, we consider the set of equa-
tions of motion (4) given in the main text. Their explicit
solution is not possible analytically, but we can perform
an eigenmode analysis. For this, we linearize the Eqs.
(4) by considering small deviations from the stationary
state (α′0, σ0,S0(or ζ0)) in the form of α′(t) = α′0+δα′(t),
σ(t) = σ0 + δσ(t) and ζ(t) = ζ0 + δζ(t). The subsequent
linearization with respect to the deviations yields
δα¨′ + 2γδα˙′ + ω2α′δα
′ = c1δζ − c2δσ ,
δζ¨ + ω2ζδζ = c3δα
′ , (C1)
δσ¨ + ω2σδσ = −c4δα′ ,
with the frequencies ω2α′ = Ω
2
m +γ
2, ω2ζ = 4ωRV/(1−S20 )
and ω2σ = 4ωR[3ωR/σ
4
0 + V e
−σ20 (1 − 2σ20)/
√
1− S20 +
gN/
√
2piσ30 ]. Moreover, we have defined the cou-
pling constants c1 = 2
√
NλΩm
√
1− S20e−σ
2
0 , c2 =
2
√
NλΩmσ0S0e−σ20 , c3 = 4ωRc1/Ωm, and c4 =
8ωRc2/Ωm.
In order to determine the collective excitation spec-
trum within a harmonic analysis, we define the rescaled
quadrature operators qµ = µδµ and pµ = q˙µ/ωµ with
µ ∈ {α′, ζ, σ}, and α′ = 1, ζ =
√
c1ωα′/c3ωζ , σ =√
c2ωα′/c4ωσ. Arranging the quadratures in a vector
x = (qα′ , pα′ , qζ , pζ , qσ, pσ)
T , the differential equation C1
can be written in the short form x˙ = Mx, with the
matrix
M =

0 ωα′ 0 0 0 0
−ωα′ −2γ 2λα′ζ 0 −2λα′σ 0
0 0 0 ωζ 0 0
2λα′ζ 0 −ωζ 0 0 0
0 0 0 0 0 ωσ
−2λα′σ 0 0 0 −ωσ 0
 . (C2)
Here, we have defined the effective coupling strengths
λα′ζ =
√
c1c3/4ωα′ωζ and λα′ζ =
√
c2c4/4ωα′ωζ . Note
that above the critical point λ ≥ λc, both c1 ∼ λ−1 and
c3 ∼ λ−1 are decreasing with λ as w0 ∼ λ−2, from which
follows that λα′ζ → 0.
Below the critical point, the matrix M becomes block-
diagonal as λα′σ = 0. In the limit of zero mechanical
damping γ → 0, this reduces to an analytically solvable
eigenvalue problem of the matrix
M ′ =
 0 Ωm 0 0−Ωm 0 2λα′ζ 00 0 0 ωζ
2λα′ζ 0 −ωζ 0
 . (C3)
M ′ has the four imaginary eigenvalues νi given by the
relation ν2 = −
(
Ω2m + ω
2
ζ ±
√
(Ω2m − ω2ζ )2 + 4c1c3
)
/2.
When (Ω2m − ω2ζ )2  c1c3, which is well satisfied for the
parameters chosen in this work, the eigenvalues can be
estimated to
ν1,± = ±iΩm
√
1 + (λ/λc)2 ,
ν2,± = ±iωζ
√
1− (λ/λc)2 ,
(C4)
where c1c3/Ω
2
mω
2
ζ = (λ/λc)
2 has been used. The remain-
ing two eigenvalues of the full matrix M are given by
ν3,± = ±iωσ.
Moreover, for γ = 0, the dynamics governed by x˙ =
Mx is generated by the Hamiltonian
H = Ωmb
†
α′bα′ + ωζb
†
ζbζ + ωσb
†
σbσ (C5)
+ λα′ζ(bα′ + b
†
α′)(bζ + b
†
ζ)− λα′σ(bα′ + b†α′)(bσ + b†σ) ,
with bosonic algebra [bµ, b
†
µ′ ] = δµµ′ , where bµ = (qµ +
ipµ)/
√
2.
The Hamiltonian (C5) is diagonalized by the Bogoli-
ubov transformation
bµ =
3∑
k=1
[
ukµdk +
(
vkµ
)∗
d†k
]
, (C6)
with eigenenergies k = Im(νk,+) and operators dk, d
†
k
that satisfy bosonic commutation relations if we enforce∑
µ
[
ukµ
(
ukµ
)∗ − vkµ(vkµ)∗] = 1 . (C7)
70 0.5 1 1.5 2
0
0.2
0.4
0.6
0.8
1
gN = 0ωR
1ωR
10ωR
100ωR
(a)
√
Nλ/Ωm
S 0
0 0.2 0.4 0.6
(b)
√
Nλ/Ωm
FIG. 5. Order parameter S0 as a function of the coupling
strength for (a) V = 200ωR and (b) V = 20ωR. A different
color corresponds to a different interaction strength gN , as
indicated in (a). The other parameters are Ωm = 100ωR,
γ = 20ωR. Here, we only show the results obtained by the
GPE (2) of the main text.
In order to estimate the entanglement between the con-
densate and membrane, we estimate the logarithmic neg-
ativity EN from the ground state solution of (C5). The
logarithmic negativity is related to the smallest symplec-
tic eigenvalue of the reduced covariance matrix of the rel-
evant modes. Therefore, we define the covariance matrix
of the quadratures
Ckl =
1
2
〈xkxl + xlxk〉 . (C8)
To describe the entanglement between two different
modes, the reduced covariance matrix C′ is obtained by
neglecting the columns and row of the irrelevant mode.
Then, the reduced covariance takes, in general, the form
C′ =
(
U V
V T W
)
, (C9)
and the logarithmic negativity can be expressed as [43–
45]
EN = max{0,−log(2ν˜−)} , (C10)
where
ν˜− = 2−1/2
√
Σ(C′)−
√
Σ(C′)2 − 4detC′ , (C11)
and Σ(C′) = detU + detW − 2detV .
Appendix D: Collective excitations in the
Gross-Pitaevksii equation (GPE)
A harmonic analysis can also be carried out within
the GPE. The collective excitation spectrum follows by
considering deviations from the stationary state (ψ0, α0)
in the form ψ(z, t) = e−iµt[ψ0(z) + δψ(z, t)] and α(t) =
α0 + δα(t). Without loss of generality, ψ0(z) can be cho-
sen to be real valued. Then, linearizing the coupled equa-
tions (2) of the main text with respect to the deviations,
the Bogoliubov-de Gennes equations
i∂tδψ(z) = [h0(z) + 2gNψ
2
0(z)]δψ(z) + gNψ
2
0(z)δψ
∗(z)
− λ sin(2z)ψ0(z)[δα+ δα∗] , (D1)
i∂tδα = [Ωm − iγ]δα−NλQ[δψ + δψ∗] ,
are obtained, with the linear operator Q[f ] =∫
dz ψ0(z) sin(2z)f(z) and h0(z) = −ωR∂2z + V sin2(z) +
Ngψ20(z)− λ(α0 + α∗0) sin(2z)− µ.
The set of coupled differential equations (D1) couples
the deviations to their complex conjugates. In that sense,
the solutions are of the form δα(t) =
∑
k[e
−iνktδα+,k +
eiνktδα∗−,k] and δψ(z, t) =
∑
k[e
−iνktuk(z) + eiνktv∗k(z)]
with complex frequencies νk. Within this ansatz, the fre-
quencies are determined by solving the eigenvalue prob-
lem
νkwk(z) = MGP(z)wk(z) , (D2)
with the vector wk(z) = (δα+,k, uk(z), δα−,k, vk(z))T
and the matrix
MGP(z) =
(
X Y
−Y −X
)
(D3)
where
X =
(
Ωm − iγ −NλQ
−λ sin(2z)ψ0 h0 + 2gNψ20
)
,
Y =
(
0 −NλQ
−λ sin(2z)ψ0 gNψ20
)
.
(D4)
The eigenvalues of MGP(z) appear in pairs, such that
if νk is an eigenvalue, the negative complex conjugate
−ν∗k is also an eigenvalue. The eigenfrequencies of the
collective excitations without interatomic collisions are
shown in Fig. 6(a) and the corresponding decay rates in
Fig. 6(c) as a function of the atom-membrane coupling.
A zoom around the critical value λc is shown in Fig. 6(b)
and (d).
Appendix E: Experimental realization
The predicted nonequilibrium quantum phase transi-
tion can be observed by available experimental set-ups
[10, 11], as mentioned in the main text. For the bene-
fit of the reader, we reproduce the relevant parameters
of Ref. [11] here. The mass of the nanomembrane is
M = 9.7×10−11 kg, its eigenfrequency is Ωm = 2pi×263.8
kHz and the mechanical damping strength is found to be
γ = 2pi × 24.4 × 10−3 Hz. A laser with ωL = 2pi × 384
THz has been used and the optical cavity has a rather
low finesse of F = 50 to 120. This justifies the adia-
batic elimination of the light field. Then, a condensate
of 87Rb atoms (atom mass m = 86.9 u = 1.443 × 10−25
80
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FIG. 6. (a), (b) Frequencies of collective excitations, and, (c),
(d) decay rates of the collective eigenmodes (some curves are
scaled by the factors indicated). Panels (b) and (d) show a
zoom around λc with width ∆λ ' 0.1ωR. Different colors cor-
respond to different eigenmodes. Curves in blue, green, and
red correspond to the membrane mode, the condensate width
mode, the atomic displacement excitation, correspondingly.
The dashed curves show the GPE results. The parameters
are V = 200ωR, Ωm = 100ωR, γ = 20ωR and g = 0.
kg) has been used with N = 2 × 106 atoms. The re-
coil frequency then amounts to ωR = 2pi × 3.8 kHz.
Regarding the possible values of the s-wave interaction
strength, ω⊥ = 2pi × 62 to 2pi × 85 Hz can be realized.
Likewise, the scattering length is as = 95 to 98 aBohr.
This amounts to a one-dimensional effective interaction
strength of g1D/~ = 2ω⊥as = 2pi × (11.4 . . . 16.6) kHz
aBohr.
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FIG. 7. Momentum distributions of atoms in a single lattice
site |n(k)|, and of the full lattice nlat(k) for M = 10 sites be-
low the critical coupling λc. The parameters are V = 200ωR,
Ωm = 100ωR, γ = 20ωR and g = 0.
Appendix F: Role of atom-atom interaction
In the main text, we have shown the results for the
case gN = 0 of non-interacting atoms. In fact, current
experimental set-ups achieve an effective one-dimensional
interaction strength in the region gN ∼ 1 − 10ωR by
confining the atomic motion within a harmonic potential
with a horizontal trapping frequency of about 100 Hz and
assuming ∼ 104 atoms in a single potential well.
In Fig. 5, we show the order parameter for different val-
ues of the atom-atom interaction strength and two values
of the potential depth (a) V = 200ωR and (b) V = 20ωR.
In both cases, we observe no qualitative difference in the
order parameter between the non-interacting case g = 0
and the interacting case (in the mean-field sense) with
gN  V . Finally, we note that the conclusion may be
different in the regime of strong interaction where Mott
physics in the lattice occurs in addition.
Appendix G: Momentum Distribution of the atoms
The momentum distribution n(k) of the atoms in a
single lattice site is shown in Fig. 4(b) of the main text.
From the single site Gaussian ansatz, it follows that
n(k) = N
∫
dzeik(z−ζ0)|ψ(z)|2 = Ne−(kσ0/2)2 . (G1)
If we also take into account that we have, in fact, a peri-
odic potential with M lattice sites, the momentum distri-
bution nlat(k) of the atoms can be calculated as follows.
We start from the atomic density in the lattice
nlat(z) ' N
M
M−1∑
l=0
1√
piσ0
e−(z−ζ0−pil)
2/σ20 , (G2)
where M denotes the number of lattice sites (potential
wells). The corresponding momentum distribution of the
atoms in the lattice is then
nlat(k) =
∫
dzeikznlat(z) ≡ f(k)n(k)eikζ0 (G3)
with the form factor
|f(k)| = sin(piMk/2)
M sin(pik/2)
. (G4)
The atomic momentum distribution nlat(k) of the whole
lattice is shown in Fig. 7 together with the single site
momentum distribution n(k).
9[1] B. Vogell, K. Stannigel, P. Zoller, K. Hammerer, M. T.
Rakher, M. Korppi, A. Jo¨ckel, and P. Treutlein, Phys.
Rev. A 87, 023816 (2013).
[2] A. Jo¨ckel, A. Faber, T. Kampschulte, M. Korppi. M. T.
Rakher, and P. Treutlein, Nature Nano. 10, 55 (2015).
[3] M. Aspelmeyer, T. J. Kippenberg, and F. Marquardt,
Rev. Mod. Phys. 86, 1391 (2014).
[4] T. J. Kippenberg and K. J. Vahala, Science 321, 1172
(2008).
[5] I. Favero and K. Karrai, Nat. Photonics 3, 201 (2009).
[6] M. Aspelmeyer, S. Gro¨blacher, K. Hammerer, and N.
Kiesel, J. Opt. Soc. Am. B 27, A189 (2010).
[7] B. Vogell, T. Kampschulte, M. T. Rakher, A. Faber, P.
Treutlein, K. Hammerer, and P. Zoller, New J. Phys. 17,
043044 (2015).
[8] M. Wallquist, K. Hammerer, P. Rabl, M. Lukin, and P.
Zoller, Phys. Scr. T137, 014001 (2009).
[9] D. Hunger, S. Camerer, M. Korppi, A. Jo¨ckel, T. Ha¨nsch,
and P. Treutlein, C. R. Phys. 12, 871 (2011).
[10] A. Vochezer, T. Kampschulte, K. Hammerer, and P.
Treutlein, arxiv:1705.10098 (2017).
[11] H. Zhong, G. Fla¨schner, A. Schwarz, R. Wiesendanger,
P. Christoph, T. Wagner, A. Bick, C. Staarmann, B.
Abeln, K. Sengstock, and C. Becker, Rev. Sci. Instrum.
88, 023115 (2017).
[12] D. Meiser and P. Meystre, Phys. Rev. A 73, 033417
(2006).
[13] C. Genes, D. Vitali, and P. Tombesi, Phys. Rev. A 77,
050307 (2008).
[14] H. Ian, Z. R. Gong, Yu-xi Liu, C. P. Sun, and F. Nori,
Phys. Rev. A 78, 013824 (2008).
[15] K. Hammerer, M. Aspelmeyer, E. S. Polzik, and P. Zoller,
Phys. Rev. Lett. 102, 020501 (2009).
[16] K. Hammerer, M. Wallquist, C. Genes, M. Ludwig, F.
Marquardt, P. Treutlein, P. Zoller, J. Ye, and H. J. Kim-
ble, Phys. Rev. Lett. 103, 063005 (2009).
[17] M. Paternostro, G. De Chiara, and G. M. Palma, Phys.
Rev. Lett. 104, 243602 (2010).
[18] P. F. Cohadon, A. Heidmann, and M. Pinard, Phys. Rev.
Lett. 83, 3174 (1999).
[19] D. Kleckner and D. Bouwmeester, Nature 444, 75 (2006).
[20] J. D. Teufel, T. Donner, D. Ji, J. W. Harlow, M. S. All-
man, K. Cicak, A. J. Sirois, J. D. Whittaker, K. W. Lehn-
ert, and R. W. Simmonds, Nature 475, 359 (2011).
[21] J. Chan, T. P. Mayer Alegre, A. H. Safavi-Naeini, J. T.
Hill, A. Krause, S. Gro¨blacher, M. Aspelmeyer, and O.
Painter, Nature 478, 88 (2011).
[22] W. Neuhauser, M. Hohenstatt, P. Toschek, and H.
Dehmelt, Phys. Rev. Lett. 41, 233 (1978).
[23] F. Marquardt, J. P. Chen, A. A. Clerk, and S. M. Girvin,
Phys. Rev. Lett. 99, 093902 (2007).
[24] A. Schliesser, R. Rivie`re, G. Anetsberger, O. Arcizet, and
T. J. Kippenberg, Nature Phys. 4, 415 (2008).
[25] T. Lahaye, C. Menotti, L. Santos, M. Lewenstein, and T.
Pfau, Rep. Prog. Phys. 72, 126401 (2009).
[26] D. Nagy, G. Szirmai, and P. Domokos, Eur. Phys. J. D
48, 127 (2008).
[27] C. Maschler, I. B. Mekhov, and H. Ritsch, Eur. Phys. J.
D 46, 545 (2008).
[28] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger,
Nature 464, 1301 (2010).
[29] M. Reza Bakhtiari, A. Hemmerich, H. Ritsch, and M.
Thorwart, Phys. Rev. Lett. 114, 123601 (2015).
[30] J. Klinder, H. Keßler, M. Reza Bakhtiari, M. Thorwart,
and A. Hemmerich, Phys. Rev. Lett. 115, 230403 (2015).
[31] S. Gupta, K. L. Moore, K. W. Murch, and D. M.
Stamper-Kurn, Phys. Rev. Lett. 99, 213601 (2007).
[32] S. Ritter, F. Brennecke, K. Baumann, T. Donner, C.
Guerlin, and T. Esslinger, Appl. Phys. B 95, 213 (2009).
[33] B. O¨ztop, M. Bodyuh, O¨. E. Mu¨secaplıog˘lu, and H. E.
Tu¨reci, New J. Phys. 14, 085011 (2012).
[34] R. Mottl, F. Brennecke, K. Baumann, R. Landig, T. Don-
ner, and T. Esslinger, Science 336, 1570 (2012).
[35] J. Le´onard, A. Morales, P. Zupancic, T. Donner, and T.
Esslinger, arXiv:1704.05803 (2017).
[36] H. Keßler, J. Klinder, B. Prasanna Venkatesh, C.
Georges, and A. Hemmerich, New J. Phys. 18, 102001
(2016).
[37] J. K. Asbo´th, P. Domokos, H. Ritsch, and A. Vukics,
Phys. Rev. A 72, 053417 (2005).
[38] W. Lu, Y. Zhao, and P. F. Barker, Phys. Rev. A 76,
013417 (2007).
[39] T. Salzburger and H. Ritsch, New J. Phys. 11, 055025
(2009).
[40] H. Al-Jibbouri and A. Pelster, Phys. Rev. A 88, 033621
(2013).
[41] L. Santos, G. V. Shlyapnikov, and M. Lewenstein, Phys.
Rev. Lett. 90, 250403 (2003).
[42] S. Giovanazzi and D. H. J. O’Dell, Eur. Phys. J. D 31,
439 (2004).
[43] G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. A
70, 022318 (2004).
[44] D. Nagy, G. Szirmai, and P. Domokos, Phys. Rev. A 84,
043637 (2011).
[45] M. Eghbali-Arani and V. Ameri, Quantum Inf. Process.
16, 47 (2016).
